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Abstract
The aim of this article is to study how the differential rotation of solar-
like stars is influenced by rotation rate and mass in presence of magnetic fields
generated by a convective dynamo. We use the ASH code to model the con-
vective dynamo of solar-like stars at various rotation rates and masses, hence
different effective Rossby numbers. We obtained models with either prograde
(solar-like) or retrograde (anti-solar-like) differential rotation. The trends of
differential rotation versus stellar rotation rate obtained for simulations includ-
ing the effect of the magnetic field are weaker compared with hydro simulations
(∆Ω ∝ (Ω/Ω⊙)
0.44 in the MHD case and ∆Ω ∝ (Ω/Ω⊙)
0.89 in the hydro case),
hence showing a better agreement with the observations. Analysis of angular
momentum transport revealed that the simulations with retrograde and pro-
grade differential rotation have opposite distribution of the viscous, turbulent
Reynolds stresses and meridional circulation contributions. The thermal wind
balance is achieved in the prograde cases. However, in retrograde cases Reynolds
stresses are dominant for high latitudes and near the top of the convective layer.
Baroclinic effects are stronger for faster rotating models.
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1. Introduction
It is well known that there is a correlation between magnetic activity and ro-
tation of stars (Durney, 1976; Noyes et al., 1984b; Pizzolato et al., 2003). Rapid
rotators show a stronger and more intense magnetic activity (Saar & Brandenburg,
1999; Garc´ıa et al., 2010) than slower rotators such as the Sun for which the
averaged magnetic field is weaker (Pallavicini et al., 1981), therefore a detailed
analysis of the differential rotation (DR) is mandatory to understand the mag-
netic activity of the stars (Donahue et al., 1996).
Dopper imaging (Donati & Collier Cameron, 1997; Barnes et al., 2005), as-
teroseismology (Gizon & Solanki, 2004; Reinhold et al., 2013; Garc´ıa et al., 2014),
classical spot models (Lanza et al., 2014) and short-term Fourier-transform (Vida et al.,
2014) are methods to infer the differential rotation, while photometric and spec-
troscopic variability are good indicators of the magnetic activity along the star’s
activity cycle (Baliunas et al., 1995; Ola´h et al., 2009). The combination of both
sources of information helps to constrain the trends linking rotation with stel-
lar differential rotation and magnetic activity, data available thanks to recent
missions as CoRoT or Kepler. Recent analysis revealed weak dependency be-
tween DR and star’s rotation (∆Ω ∝ Ω0.15) (Barnes et al., 2005; Reinhold et al.,
2013)), larger in case of star’s temperature (∆Ω ∝ T 8.92eff (Barnes et al., 2005;
Reinhold et al., 2013)) and ∆Ω ∝ T 8.6eff (Collier Cameron, 2007)). The differ-
ential rotation defined in these communications is ∆Ω = αΩeq with Ωeq the
angular velocity at the equator and α the relative horizontal shear of the differ-
ential rotation between the equator and the pole. Ωeq and α are deduced from
the observations.
Several authors have performed global 3D magnetohydrodynamic (MHD)
simulations to model differential rotation and stellar magnetism in the convec-
tion zone (Miesch et al., 2006; Ghizaru et al., 2010; Racine et al., 2011; Ka¨pyla¨ et al.,
2011, 2014; Augustson et al., 2015; Karak et al., 2015), particularly for solar
like stars (Brun et al., 2004; Brown et al., 2010, 2011; Brun et al., 2011). These
studies pointed out the large magnetic temporal variability and the critical effect
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of stellar rotation and mass on magnetic field generation through dynamo mech-
anism, leading in some parameter regimes to configuration with cyclic activity
(Gilman, 1983; Gilman & Miller, 1981; Nelson et al., 2013; Ka¨pyla¨ et al., 2013;
Augustson et al., 2013; Guerrero et al., 2016; Augustson et al., 2015). Several
studies pointed out the effect of a stable region underneath the convection zone
on the lengthening of the stellar dynamo cycle period (Guerrero et al., 2016;
Lawson et al., 2015).
The present study is focused on solar-like stars, G and K stellar classes.
Observations indicate that this group of stars show very different magnetic
activity (Saar, 1990; Plachinda & Tarasova, 1999), with short Metcalfe et al.
(2010) and long cycles (Baliunas et al., 1995), consequence of the range of
masses, rotation, differential rotation, age, effective temperature or metallic-
ity measured (Noyes et al., 1984a; Chaplin et al., 2010; Ballard et al., 2014;
Garc´ıa et al., 2014; J.-D. do Nascimento et al., 2014). We analyze the corre-
lation between differential rotation and magnetism in solar-like stars using the
anelastic spherical harmonic code (ASH) (Brun et al., 2004), performing several
convective dynamo MHD simulations for star with different masses and rota-
tion rates (Rossby numbers). One first achievement of the study was to simulate
stars with prograde (solar-like) and retrograde (anti-solar-like, equator rotates
slower than the poles) differential rotation (Matt et al., 2011; Bessolaz & Brun,
2011; Gastine et al., 2014; Karak et al., 2015). The aim of this study is to ana-
lyze the effect of a magnetic field on the star’s differential rotation (Brun, 2004;
Fang et al., 2014).We show that the trends of the differential rotation with the
stellar mass and rotation for MHD simulations are in better agreement with the
observational trends than equivalent hydro simulations (Donahue et al., 1996;
Barnes et al., 2005; Reinhold et al., 2013).
The article structure is as follows: section 2; we describe the ASH code,
the boundary and initial conditions of the different models as well as the key
parameters of each simulation. Section 3; we study the large scale flows for the
different models analyzing the time averaged kinetic and magnetic energy of the
system, differential rotation as well as the trends of differential rotation versus
3
star’s rotation rate and mass obtained for hydro and MHD cases. Section 4; we
analyze the angular momentum balance in the models studying the mean radial
and latitudinal fluxes transport. Section 5; we study the baroclinity and thermal
wind balance for typical prograde and retrograde cases. Section 6; conclusion,
discussion and perspectives of present study.
2. Numerical model
In this section we present the main features of the ASH code, describing the
boundary and initial conditions of the numerical model and our choice of the
global parameters.
We perform 3D simulations of convective dynamo action that consist in solv-
ing the Lantz-Braginski-Roberts (LBR) form of the anelastic MHD equations
for a conductive plasma in a rotating sphere (Jones et al., 2011), a formulation
that improves the energy conservation in stable stratified regions (Brown et al.,
2012; Vasil et al., 2013). The code ASH performs a large-eddy simulation that
uses a pseudo-spectral method with the spherical harmonics expansion in the
horizontal direction for the entropy (S), magnetic field (B), pressure (P ) and
mass flux. The density (ρ), entropy, pressure and temperature (T ) are linearized
about the spherically symmetric background values, denoted by the symbol (¯).
The solenoidality of the mass flux and magnetic vector fields is maintained by
a streamfunction formalism (Brun et al., 2004). The equations solved by ASH
are (Alvan et al., 2014; Augustson et al., 2015):
∇ · ρ¯v = 0
ρ¯
∂v
∂t
= −ρ¯v ·∇v−∇ω¯ +
Sg
cp
r+ 2ρ¯v ∧Ω0 +
1
4pi
(∇ ∧B) ∧B+∇ ·D
ρ¯T¯
∂S
∂t
= ρ¯T¯v ·∇(S¯ + S)−∇ · q+Φ
∇ ·B = 0
∂B
∂t
=∇ ∧ [v ∧B− η∇ ∧B]
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with the velocity field v = vrr+vθθ+vϕϕ, the magnetic field B = Brr+Bθθ+
Bϕϕ, the angular velocity in the of the rotation frame Ω = Ω0z, z the direction
along the rotation axis, g the magnitude of the gravitational acceleration and
ω¯ = P/ρ¯ is the reduced pressure in the LBR implementation. The motions not
resolved by the numerical mesh are parametrized as effective eddy diffusivities ν,
κ and η that account for the effect of the subgrid-scales transporting momentum,
heat and magnetic field. The diffusion tensor D and the dissipative term Φ are
defined as:
Dij = 2ρ¯ν
[
eij −
1
3
∇ · vδij
]
Φ = 2ρ¯ν
[
eijeij −
1
3
(∇ · v)2
]
+
4piη
c2
J2
with eij the stress tensor and J = c/4pi∇ ∧B the current density. The energy
flux q has a radiation flux and an inhomogeneous turbulent entropy diffusion
flux:
q = κrρ¯cp∇(T¯ + T ) + κρ¯T¯∇S + κ0ρ¯T¯
∂S¯
∂r
r
with κr the molecular radiation diffusion coefficient, κ0 the effective thermal
diffusivity acting only on the spherically symmetric (l = 0) entropy and cp the
specific heat at constant pressure. A perfect ideal gas equation is used for the
mean state and the fluctuation are linearized:
P¯ = (γ − 1)cpρ¯T¯ /γ
ρ/ρ¯ = P/P¯ − T/T¯ = P/γP¯ − S/cp
with γ = 5/3 the adiabatic exponent.
The anelastic MHD system of equations requires 12 boundary conditions.
Magnetic boundary conditions are perfectly conducting at the lower radial
boundary and the magnetic field matches to a potential field in the upper bound-
ary:
Br|rin =
∂
∂r
(
Bθ
r
)
|rin =
∂
∂r
(
Bϕ
r
)
|rin = 0 and Br|rout = ∇Ψ⇒ ∆Ψ = 0
We use an impenetrable and stress free at the top and bottom boundaries.
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vr =
∂
∂r
(vθ
r
)
=
∂
∂r
(vφ
r
)
= 0
For the mean state of the entropy (dS¯/dr)|rout = −3.57 ·10
−9 and (dS¯/dr)|rin =
9.79·10−4cm K−1 s−2 for M05 model, (dS¯/dr)|rout = −9.56·10
−9 and (dS¯/dr)|rin =
9.59·10−3cm K−1 s−2 for M07 model, (dS¯/dr)|rout = −3.78·10
−8 and (dS¯/dr)|rin =
1.37·10−2cm K−1 s−2 for M09 model, (dS¯/dr)|rout = −3.01·10
−7 and (dS¯/dr)|rin =
1.11 ·10−2cm K−1 s−2 for M11 model. Keeping the values of dS¯/dr|rin,rout fixed
at all times in the simulations further implies that the fluctuating dS/dr is set
to zero at both bcs.
The simulation is focused in the bulk convection zone, avoiding regions too
close the stellar surface. We include the tachocline in the models, defined as the
transition between rigid to differential rotation, leading to region with strong
shear (Spiegel & Zahn, 1992). The tachocline plays an important role in the dy-
namo process of magnetic field generation in solar-like stars as it was reported in
simulations performed by several authors (Browning et al., 2006; Racine et al.,
2011; Masada & Sano, 2014; Lawson et al., 2015; Guerrero et al., 2016).
The code uses a realistic background stratification for the profiles of density
(ρ¯), temperature (T¯ ), ν, κ and η. The background stratification is derived from a
one-dimensional solar structure model CESAM (Morel, 1997; Brun & Toomre,
2002). In Fig. 1 we show an example of the gradient of entropy along the
star radius (a), and the temporal and azimuthally averaged radial energy fluxes
balance as luminosities (b) for the model with 1.1 solar mass and 3 times the
rotation rate of the Sun.
The MHD models are initialized from progenitor hydro models in which a
small magnetic field perturbation is introduced (several orders smaller than the
final magnetic field observed in the simulation). A first analysis of the progenitor
hydro models is done in these references Matt et al. (2011); Brun et al. (2015b).
The model’s resolution is (Nr, Nθ,Nφ) 769x256x512 except for model M09 ro-
tating at Ω∗ = 3Ω⊙ where Nθ is 512 and Nφ is 1024. In table 1 we indicate the
most relevant parameters of the simulations. The 7 models presented in table 1
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(a) (b)
Figure 1: (a) Entropy gradient along the star radius. We expand the region
of the tachocline in the top graph. (b) Time and horizontally averaged radial
energy fluxes as luminosities (normalized to the star luminosity). The solid line
is the total flux, the long dashed line the radiative flux, the dash-dot-dot-dot
line the enthalpy flux, the dotted line the conductive entropy flux, the thick
dash-doot line the kinetic energy, the dashed line the viscous diffusion flux and
the thick dashed line the Poynting flux.
are named MAxi, where A is the mass of the star (in solar masses between 0.5
to 1.1) and i the rotation rate of the star (in solar rotation rate). The subindex
indicates slow/anti-solar (x = s) and solar (x = d) differential rotation models
(except model M11d1 also anti-solar). The density scale heights between the
top and the base of the convection zone and between the top and the bottom
of the model are defined as Nρbcz = ln(ρout/ρbcz) and Nρtot = ln(ρout/ρin).
For the M05 model Nρbcz = 3.25 and Nρtot = 4.70, M07 model Nρbcz = 3.48
and Nρtot = 5.78, M09 model Nρbcz = 3.31 and Nρtot = 5.99, M11 model
Nρbcz = 3.28 and Nρtot = 5.60.
In the present article we omit the discussion of the dynamo characteristics of
the models because this will be the topic of a future communication. We focus
the analysis on the differential rotation properties for the various parameters
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considered.
3. Large scale flows and energy content in solar-like stars
In this section we analyze the differential rotation profiles of the models. The
aim of the study is to compare the differential rotation profiles of the hydro and
MHD models. We show that the presence of magnetic fields leads to different
trends of the differential rotation with stellar rotation rate and mass. Following
we analyze the kinetic and magnetic energy contained in the models and how
they are distributed between their various components.
3.1. Large scale flows
We analyze the differential rotation of the simulations that results from the
angular momentum redistribution occurring mostly in the convection zone. The
panels of figure 2 show an azimuthal plot of the differential rotation averaged
over 10 overturning convective times, defined as τc =
∫ rout
rbcr
dr/v˜r with v˜r the
radial component of the rms velocity in the convection zone, rout and rbcz the
top and the base of the convective layer. We observe that for the simulations
M07s, M09s and M11d1 (the figure of the M11d1 model is not shown) there
is an anti-solar differential rotation, with the poles rotating faster than the
equator, while the other cases show a solar-like differential rotation. There is
almost no asymmetry in the profiles between the North and South Hemispheres,
as expected when the average is performed over an interval long enough with
respect to the convective overturning time. We also display radial cuts of the
rotation for the MHD cases (red lines) and Hydro progenitor cases (black lines).
In cases rotating 1 and 3 times the solar rotation rate, the poles (latitudes of
75o and higher) are speed up when the magnetic field is present, effect that is
stronger as the rotation rate increases. For the M05d1 and M09d1 models the
poles rotates 18 and 21 nHz faster in the MHD simulation while for the M09d3
and M11d3 models the rotation rates increases 155 and 200 nHz, pointing out
that the effect of the magnetic feedback is larger if the mass of the star increases
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(larger convective velocity hence larger magnetic field and Maxwell stresses,
since ME ∼ KE). The anti-solar cases show the same behavior, the poles
are speed up when the magnetic field is included in the simulation due to the
joint action of Maxwell and Reynolds stresses in high latitude regions. If we
average the rotation rate between the latitudes 60o and 75o we see that for the
M07s and M09s models the rotation rate is enhanced by 10 and 22 nHz. The
model that shows a larger contrast between the differential rotation and the star
rotation is the caseM07s followed by the models M05d1,M11s andM09s. The
gradient of the rotation in the radial direction nearby the tachocline is weaker
in all the MHD simulations compared with hydro cases. Anti-solar differential
rotation models show an increase of the star’s rotation near the tachocline for
the MHD cases (recalling that Ω decreases further out in the convection zone)
and a drop for the hydro simulation compared with the solid body rotation of
the core, indicating how the presence of the magnetic field modifies the rotation
gradients (see Fig. 4 for Maxwell stresses).
Figure 3 shows the trends of the absolute value of the differential rotation
and the differential rotation kinetic energy (DRKE) versus the models Rossby
number (graphs A and B). The absolute value of the differential rotation drops
when Ro increases, undergoing a transition to the anti-solar differential ro-
tation models if Ro is of the order of 1 or larger with ∆Ω ∝ (Ro)
−0.40±0.20
(we include the standard error of the fit). The DRKE drops too when Ro in-
creases and it is smaller than 106 erg·cm−3 in the anti-solar models because
the models are more dominated by non axisymmetric convection (CKE dom-
inant) with DRKE ∝ (Ro)
−1.31±0.07. The trends of the absolute value of
the differential rotation versus stellar rotation (graph C), for the regression
∆Ω ∝ Ωα, is ∆Ω ∝ Ω0.44±0.15 in the MHD case and ∆Ω ∝ Ω0.89±0.16 in
the hydro case. The MHD trend is in better agreement with the observations
(∆Ω ∝ Ω0.15 (Barnes et al., 2005; Reinhold et al., 2013)). The trends of the
absolute value of the differential rotation versus stellar mass (graph D) for the
regression ∆Ω ∝ (M/M⊙)
α, is ∆Ω ∝ (M/M⊙)
4.19±6.86 in the MHD case and
∆Ω ∝ (M/M⊙)
8.68±3.91 in the hydro case. The inclusion of caseM05d1 increase
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significantly the spread of some of the fits and we have chosen to exclude it when
necessary to get a better χ2. We are currently investigating the 0.5 solar mass
models at various rotation rates to confirm the behavior of very low mass star
models. These results will be reported in a future study, including an updated
set of model to reduce the gaps in the results, although the current analysis al-
ready shows robust trends for the differential rotation. The MHD trend is in bet-
ter agreement with the observations (∆Ω ∝ T 8.92eff (∆Ω ∝ M
5.6) (Barnes et al.,
2005; Reinhold et al., 2013) or ∆Ω ∝ T 8.6eff (∆Ω ∝ M
5.4) (Collier Cameron,
2007)), confirming that more massive stars have larger differential rotation and
predicting more accurately the observed trends.
The MHD simulations show how the impact of the magnetic field changes
the angular momentum redistribution tending to make the DR more rigid and
less sensitive to global parameter changes. In the next section we will perform
a detailed analysis of this balance for all the models.
3.2. Energetic content
Table 2 indicates the kinetic and magnetic energy of the models averaged
in time over the domain (mostly convective zone). Most of the system energy
is in form of kinetic energy (KE) for the models M05d1, M07s and M09s and
the magnetic energy (ME) is at least a 3% of the total energy in the models
M09d1, M09d3, M11d1 and M11d3. Between 1 to 15% of the star’s luminosity
is required to maintain Ω(r, θ) and the conversion to mean toroidal compo-
nent of magnetic energy (TME) depends of the Elsasser number of each model.
A detailed analysis of the energy transfer including physical explanations is
performed in Brun et al. (2011, 2015a). The differential rotation kinetic energy
component (DRKE) is dominant in the modelsM09d3,M11d3 andM05d1, while
for the models M07s, M09s and M11d1 it is the turbulent convective kinetic
energy (CKE). Only in the model M09d1 there is almost the same amount of
energy in both components. The meridional circulation kinetic energy (MCKE)
is negligible in all cases except for the M09s model where it is a 12% of the to-
tal KE. The mean toroidal component of magnetic energy (TME) is dominant
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in all simulations, followed by the fluctuation of magnetic energy (FME) that
accounts for 20% of the magnetic energy (value than reaches 30% in M11d1
model). The mean poloidal component of the magnetic energy (PME) reaches
only 2% of the total energy, except in the anti-solar models M09s (23%) and
M11d1 (7%). The models with larger differential rotation at the top of the con-
vection zone (calculated as ∆Ω = Ω(θ = 0o) − Ω(θ = 60o)) are M09d3, M11d1
and M11d3. The largest ratio between the differential rotation and the stellar
rotation is observed for the anti-solar and low mass models. Only the models
M07s and M09s show a larger ratio in the MHD models compared with the
hydro simulations.
4. Angular momentum balance
Since we wish to focus this paper on stellar DR we now assess which mech-
anisms maintain it. Hence in this section we study the main physical processes
that redistribute the angular momentum in the convective layer. We show the
angular momentum balance of the models M09s and M09d3 as an example of
anti-solar and solar differential rotation cases (see Fig 4). The angular mo-
mentum transport can be described by the mean radial Fr and latitudinal Fθ
angular momentum fluxes (Elliott et al., 2000; Brun et al., 2004). We integrate
these values in colatitude and in radius, to calculate the net fluxes through
respectively cones of various angles and concentric spheres of various radii:
Fr(r) =
∫ pi
0
Fr(r, θ)r
2sinθdθ
Fθ(θ) =
∫ rout
rin
Fθ(r, θ)rsinθdr
decomposing this transport in viscous diffusion, turbulent Reynolds stresses,
meridional circulation (axisymmetric Reynolds stresses from differential rotation
+ Coriolis), axisymmetric and turbulent Maxwell stresses contributions. Figure
4 shows the Fr and Fθ integrated angular momentum fluxes for the models
M09s and M09d3.
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The solid line indicates the total net momentum fluxes, almost null for Fr(r)
and small for Fθ(θ), pointing out that the simulation is in a robust statiscally
stationary state. The viscous diffusion term for Fr(r) angular momentum flux
is positive in the anti-solar case but negative in the solar case, indicating that
in the anti-solar case there is a radially outward transport of angular momen-
tum while in the solar case the transport is inward, consequence of the different
radial gradient of the rotation in the models. In the anti-solar case the out-
ward transport is enhanced by the meridional circulation and compensated by
the turbulent Reynolds stresses, opposite to what is realized in the solar case.
The role of the Maxwell stresses is larger in the solar case than in the anti-
solar model, showing a larger peak of the axisymmetric component near the
tachocline because the ME in M09d3 model is one order larger than in the
M09s case), compensating all the other components. For both models there is
a small transfer of angular momentum in the stable radiative region nearby the
tachocline.
The Fθ(θ) angular momentum flux balance shows a more complicated de-
composition between components than Fr(r). In the anti-solar case the domi-
nant terms are the turbulent Reynolds stresses and the meridional circulation,
which balance each other, with a smaller input of the viscosity (positive near the
equator and negative at high latitudes) and the axisymmetric Maxwell stress
(enhancing the turbulent Reynolds stresses near the equator) . In the solar case
the dominant component is the meridional circulation, enhanced near the equa-
tor and at high latitudes by the turbulent Reynolds stresses, and compensated
by the viscous diffusion and the axisymmetric and turbulent Maxwell stresses
(Fang et al., 2014). These results point out that in the solar case the role of the
Maxwell stresses is important for the angular momentum balance, leading to a
configuration with modulated activity, while in this anti-solar case the role of the
magnetic fields is smaller and the modulation of the activity weaker, but large
enough to increase the differential rotation of the models. If Maxwell stresses
are large enough the star’s differential rotation decreases due to the quenching
effect of the magnetic fields. The decrease of the differential rotation leads to a
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weaker magnetic field but the Reynolds stresses are opposed to the drop of the
differential rotation. The interplay between Maxwell and Reynolds stresses can
drive a non stationary evolution of the differential rotation and the magnetic
fields of the star that can show chaotic or regular variabilities (see for instance
Brun et al. (2005); Brown et al. (2011)).
To summarize, we show in Figure 5 the leading components of the angular
momentum balance in all the models as an histogram (except M111d model),
where the Fr(r) angular momentum flux is further integrated in radius and
Fθ(θ) angular momentum flux in latitude (only over the North Hemisphere).
The anti-solar cases share same patterns; integrated Fr(r) shows the balance be-
tween viscous diffusion and meridional circulation with the turbulent Reynolds
stresses, the opposite scenario than in the solar-like differential rotation mod-
els. For the integrated Fθ(θ) the turbulent Reynolds stresses and the viscous
diffusion are balanced by the meridional circulation, while in the solar-like dif-
ferential rotation models the balance is more complex, especially for the cases
with 3Ω where the Maxwell axisymmetric stresses have an important role. For
a larger stellar rotation, the ratio between ME and KE increases leading to a
stronger feedback between the fields and the flows. This is easily understood
by Table 1 given the larger value of the Elsasser number for the fastly rotating
cases which modifies the scaling of the magnetic fields amplitude (Christensen,
2010; Brun et al., 2015a).
Figure 6 shows the temporal and longitudinal average of the meridional
circulation for the models M09s and M09d3. The meridional circulation is
represented by the isocontours of the stream function ψ defined as (Miesch et al.,
2000):
〈ρ¯vr〉 =
1
r2sinθ
∂ψ
∂θ
〈ρ¯vθ〉 = −
1
rsinθ
∂ψ
∂r
The meridional circulation is driven by the interplay of the buoyancy and Cori-
olis forces, pressure gradients, viscosity, Reynolds and Maxwell tensors acting
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on the zonal flows, leading to deviations in the magnetostrophic equilibrium,
consequence of the fluctuating essence of the convection. The system reaction
to restore the equilibrium yields a redistribution of the angular momentum by
a mechanism called gyroscopic pumping (Miesch et al., 2006; McIntyre, 2007;
Brun et al., 2011), driving the meridional circulation. In figure 6, the cells
with red color indicate counterclockwise rotation and the blue color clockwise
rotation. M09s model shows an unicellular meridional circulation, counterclock-
wise rotating at the North Hemisphere and clockwise at the South Hemisphere.
M09d3 model shows a multicellular meridional circulation, consequence of a
stronger alignment of the cells with the rotation axis as the model rotation rate
increases. The Hydro version of M09s and M09d3 models shows similar merid-
ional circulation. For the other MHD models, same behavior is observed: anti-
solar (retrograde) cases show unicellular flow and prograde ones multi-cellular,
increasing the number of cells with the rotation rate (Featherstone & Miesch,
2015).
Figure 7 shows an example of time-latitude diagrams of the ϕ component
of the magnetic field (Bϕ), the torsional oscillations (defined as the difference
between the average rotation and the instantaneous rotation of the star in
Covas et al. (2000); Spruit (2003); Covas et al. (2005); Brun & Rempel (2009)),
the temperature fluctuations (defined as the difference between the average tem-
perature and the instantaneous temperature) as well as the turbulent Reynolds
stresses and Maxwell stresses components of the latitudinal angular momentum
flux at the tachocline (r/r∗ = 0.54, left panels) and at the top of the convec-
tive layer (r = rout, right panels) for the model M05d1. There is a polarity
inversion of Bϕ nearby the tachocline between the day 3000 and 4000 of sim-
ulated time, while there are successive inversions with much shorter period at
the top of the convective layer. The evolution of the Bϕ nearby the tachocline
is correlated with the torsional and temperature oscillations at the top of the
convection zone, showing that the star’s rotation is decelerated and the tem-
perature drops near the equator when Bϕ increases after the polarity inversion.
The evolution of the turbulent Reynolds stresses component of the latitudinal
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angular momentum flux show hints of correlation with the fast-oscillating Bϕ at
the top of the convection zone. A longer time-series would though be needed to
further confirm this correlation is significant compared to epochs where the os-
cillating Bϕ is weaker. At the tachocline, the turbulent Reynolds stresses show
stable patterns nearby the equator, isolated among hemispheres. The Maxwell
stresses components of the latitudinal angular momentum flux at the tachocline
follow Bϕ evolution, showing a minimum during the polarity inversion. Near
the upper boundary, Maxwell stresses increase with Bϕ, indicating a potentially
significant feedback effect over the star’s differential rotation.
5. Baroclinity and Thermal Wind balance
The effect of rotation upon convection leads to latitudinal heat transport
that establishes gradients in temperature and entropy. To analyze this effect,
Figure 8 shows azimuthal plots of temperature and entropy averaged over 10
overturning convective times for the models M09s and M09d3.
There are gradients of entropy and temperature in the convective layer,
particularly large in latitude when comparing values at the equator and poles
although gradients in radius are large too at high latitudes. The rotation
is slower in M09s model reason why the gradients are small compared with
M09d3 model (because
∂〈S〉
∂θ
=
2Ω0rcp
g
∂〈vφ〉
∂z
, see Brown et al. (2008)). Hy-
dro simulations show stronger gradients than the MHD cases in agreement
with the overall large angular velocity contrast. Figure 9 shows the temper-
ature and entropy constrast (defined between the latitude 60o and the equa-
tor) with the star’s rotation. The trends for the temperature contrast, de-
fined as ∆T ∝ (Ω/Ω⊙)
α, is ∆T ∝ (Ω/Ω⊙)
0.59±0.25 in the MHD case and
∆T ∝ (Ω/Ω⊙)
0.66±0.26 in the hydro case. The trends for the entropy con-
trast (weighted by the star’s luminosity) is ∆S(L⊙/L) ∝ (Ω/Ω⊙)
0.81±0.52 in
the MHD case and ∆S(L⊙/L) ∝ (Ω/Ω⊙)
0.83±0.81 in the hydro case. So we see
that the temperature and entropy contrasts increase with the star’s rotation in
agreement with thermal wind-like balance, but with a weaker trend in the MHD
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cases.
The presence of gradients in temperature and entropy leads to a mismatch
of the iso-surfaces of mean density and pressure that is named baroclinicity and
appears in the vorticity equation (Zahn, 1992; Miesch et al., 2006; Brun et al.,
2010). The baroclinic term contributes to breaking Taylor constraint of a
cylindrical mean flow yielding more complex (conical) angular velocity profiles
(Kitchatinov & Ruediger, 1995). In figures 10 and 11 we show for the models
M09s and M09d3 if the departure from cylindricity of the differential rotation
is accounted for mainly by the baroclinic term or if we must consider other ef-
fects. The balance of the mean zonal components of the curl of the momentum
(time and azimuthal averaged defined with the symbol 〈〉) can be expressed as
(Elliott et al., 2000; Brun et al., 2004; Strugarek et al., 2011):
2Ω0
∂vφ
∂z
= −
〈
(ω ·∇)vφ +
ωφvr
r
+
ωφvθcotθ
r
〉
+
〈
(v ·∇)ωφ +
vφωr
r
+
vφωθcotθ
r
〉
−〈ωφvr〉
dlnρ¯
dr
+
g
rcp
∂〈S〉
∂θ
+
1
rρ¯cp
dS¯
dr
∂〈P 〉
∂θ
+
1
r
[
∂
∂r
(r〈Aθ〉)−
∂
∂θ
〈Ar〉
]
+
〈
−
1
cρ¯
(B ·∇)jφ −
jrBφ
cρ¯r
−
jθBφcotθ
cρ¯r
〉
+
〈
1
cρ¯
(j ·∇)Bφ +
jφBr
cρ¯r
+
jφBθcotθ
cρ¯r
〉
+
(
〈Brjφ〉
cρ¯
−
〈Bφjr〉
cρ¯
)
dlnρ¯
dr
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∂
∂z
= cosθ
∂
∂r
− sinθ
∂
∂θ
Ar =
1
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[
1
r2
∂(r2Drr)
∂r
+
1
rsinθ
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−
Dθθ +Dφφ
r
]
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1
ρ¯
[
1
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+
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sinθDθθ
∂θ
+
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]
with the definitions: ω =∇×v the vorticity, j the current density, cp the specific
heat at constant pressure and Dij the viscous stress tensor. The first term in the
equation is the stretching by velocity gradients, the second term the advection
by the flow, the third term the compressibility, the fourth and fifth terms the
baroclinic terms due to non-alignment of density and pressure gradients and of
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the departures from the adiabatic stratification, the term number 6 the diffusion
by viscous stresses and the last 3 terms are the magnetic contributions to the
”shear” and ”transport” of the magnetic field by the current and compressibility.
We expect that the thermal wind is stronger as the star’s rotation increases
according to the increase of temperature and entropy gradients. For the anti-
solar case the baroclinic term is the leading component in all the domain except
near the upper boundary at high latitudes, where the viscous and Reynolds
stresses (particularly the advection) are in opposition to the baroclinic term.
For the solar case the baroclinic term is more dominant than in the anti-solar
model. Only very close to the top of the convective layer there are meaningful
signatures of the viscous stresses and the stretching component of the Reynolds
stresses, in opposition to the baroclinic term near the equator, as well as the
advection component of the Reynolds stresses at mid and high latitudes. The
magnetic contributions are mainly negligible with only weak signatures near
the tachocline. In summary, for the anti-solar model the Reynolds stresses and
viscous effects should be considered especially at high latitudes, while for the
solar case the baroclinic term dominates in the entire domain except very close
to the surface.
To summarize, we calculated the percentage of departure from cylindricity of
the differential rotation by the baroclinic term, defined as |LHS−BAR/LHS|
where LHS and BAR (baroclinic term) are integrated in radius and latitude.
Following thermal wind balance we expect the baroclinic term to increase with
rotation (as Fig. 9,10 and 11 confirm), but the baroclinic term becomes rela-
tively less important in the overall balance (∆S ∝ Ωn with 0 < n < 1) and the
difference is mostly compensated by Reynolds stresses. The trend obtained is
|LHS −BAR/LHS| ≈ Ω0.26±0.48 in the MHD cases.
6. Conclusions and dicussion
The distribution of the energy reservoir in solar-like stars for anti-solar and
solar differential rotation cases is different. The main part of the energy in both
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cases is KE but in the models with solar differential rotation there is a non neg-
ligible proportion of ME. We expect this ratio to increase even further as star’s
rotation increases beyond 3 times the rotation of the Sun reaching equipartition,
even super equipartition (as in Augustson et al. (2016); Brun et al. (2015a)).
The KE in solar differential rotation cases is mainly DRKE (more dominant if
the star rotation rate is larger) while in the anti-solar cases it is CKE, pointing
out that the convective dynamo in the anti-solar cases is dominated by convec-
tive motions, a characteristic of α2 dynamos, but in the solar cases the Ω effect
can be large enough to build up α−Ω or α2 −Ω dynamos. A detailed analysis
of the convective dynamos in each model of this article will be carried out in a
future publication.
There are essential differences in the rotation profiles comparing simulations
with and without magnetic fields. The presence of magnetic fields drives a
speed up of the poles and a slowdown of the equator compared with the hydro
simulations. The speed up effect is stronger as the star’s rotation rate increases,
because the enhancement of the star magnetic field leads to a larger transfer of
angular momentum from the equator to the poles. The reason of the poles speed
up in the anti-solar cases is due to magnetic field opposing Reynolds stresses.
The trends between the star’s differential rotation, rotation rate and mass
shows a better agreement with observations for the MHD cases than for the
hydro simulations. There is a weaker dependency of the differential rotation with
the star rotation rate (there is a drop of the power factor from 0.89 in the hydro
cases to 0.44 in the MHD simulations) and star’s mass (from 8.68 in the hydro
cases to 4.19 in the MHD simulations), as well as flatter profiles if we compare the
differential rotation and DRKE with the model Ro. This could explain recent
observations of solar-like stars since they are seen to possess magnetic fields.
To fully account the effect of the magnetic field in the stars differential rotation
using models with different masses and rotation rates, a systematic analysis
of the models parameters is required. In future communications we will refine
the trends obtained in the present communication adding new models to the
analysis, but the current analysis already shows robust trends.
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The radial angular momentum flux balance in the anti-solar differential ro-
tation case show opposite characteristics than the solar one; there is a radially
outward transport of angular momentum by Reynolds stresses in the anti-solar
case while it is inward in the solar case. The latitudinal angular momentum flux
balance in the anti-solar case is dominated by the opposition between convec-
tive and meridional circulation motions, but for the solar case there is a more
complex interplay between components dominated by the meridional circulation
and compensated by viscous and magnetic stresses.
The baroclinic term in the anti-solar differential rotation case is not the
dominant component at high latitudes near the top of the convective layer,
the effect of the Reynolds stresses and viscosity are important and should be
considered to explain the resulting differential rotation of the model. In the solar
case, particularly for the model with the largest rotation rate, the baroclinic
term is dominant and the other components are almost negligible in the entire
domain with only small contributions very close to the top of the convective
layer. Baroclinic effects are stronger as star’s rotation increases.
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Model M05d1 M07s M09s M09d1 M09d3 M11d1 M11d3
rin (10
10 cm) 0.39 1.41 2.25 2.25 2.25 4.27 4.27
rout (10
10 cm) 2.90 4.30 5.72 5.72 5.72 8.34 8.34
D (1010 cm) 2.51 2.89 3.47 3.47 3.47 4.07 4.07
rbcr/rout 0.58 0.68 0.71 0.71 0.71 0.76 0.76
ν (1012 cm2/s) 0.45 5.31 14.3 10.01 5.81 38.01 20.95
κ (1013 cm2/s) 0.18 2.12 5.72 4.02 2.32 15.20 8.78
η (1012 cm2/s) 0.22 5.31 14.30 5.03 5.81 38.01 21.95
Ω/Ω⊙ 1 0.3 0.5 1 3 1 3
Ta (104) 134.4 0.15 0.12 0.99 2.65 0.13 3.51
Ra (106) 19.27 0.76 0.09 0.21 1.03 0.02 0.05
Pr 0.25 0.25 0.25 0.25 0.25 0.25 0.25
Prm 2 1 1 2 1 1 1
τη (years) 9.21 0.51 0.27 0.77 0.67 0.14 0.24
τc (years) 1.01 0.45 0.30 0.30 0.30 0.16 0.16
v˜r (m/s) 8 20 35 35 35 80 80
v˜ (m/s) 66 55 110 154 233 305 484
B˜ (103 G) 1.1 0.8 2.3 4.2 7.2 4.5 9.5
Ro 0.31 1.84 1.68 0.84 0.28 1.17 0.39
Re 370 30 27 53 139 33 90
Rem 740 30 27 106 139 33 90
Λ (10−3) 0.03 0.16 1.29 1.55 1.00 10.74 10.05
Table 1: Models parameters. rin is the inner radius, rout the outer radius, rbcz
the base of the convective zone and D = rout−rin the radial length of the simu-
lation domain. ν, κ and η are the effective eddy diffusivities of the momentum,
heat and magnetic field transport. Ω is the rotation rate. Ta = 4Ω2D4/ν2 is
the Taylor number. Ra = (−∂ρ¯/∂S)∆SgD3/ρνκ is the Rayleigh number with
S the entropy and ρ the density (ρ¯ means the background state of the density).
Pr = ν/κ is the Prandtl number. Prm = ν/η is the magnetic Prandtl number.
Ro = v˜/2ΩD is the Rossby number with v˜ the rms velocity in the covection
zone. Re = v˜D/ν is the Reynolds number with v˜ the rms velocity in the convec-
tion zone. Rem = v˜D/η is the magnetic Reynolds number. Λ = B˜
2/8piρ¯Dv˜Ω is
the Elsasser number with B˜ the rms magnetic field strength in the convection
zone. τη = D
2/pi2η is the ohmic diffusion time. τc = D/v˜r is the overturning
convection time with v˜r the radial component of the averaged velocity in the
convection zone. The models resolution is (Nr, Nθ,Nφ) 769x256x512 except the
model M09 with 3Ω where Nθ is 512.
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(a) M05d1 (b) M09d1
(c) M09d3 (d) M11d3
(e) M07s (f) M09s
Figure 2: Temporal and longitudinal averaged of the angular velocity profiles
during 10τc and radial cuts from the equator to the latitude 75
o each 15o (black
lines are the hydro cases and the red lines the MHD cases) between 0.4 and 0.96
r/r∗ (r/r∗ = 0.4 is not necessarily r = rbcr). The long dashed vertical line on
the right hand side panel of each cases shown the basis of the convective layer.
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Figure 3: Absolute value of the differential rotation between the equator and 60o
latitude (A) and differential rotation kinetic energy versus Ro (B). Differential
rotation versus rotation (C). Differential rotation versus mass (D). MHD data
are the solid circles and hydro data are the empty circles. The dotted (dashed)
line shows the linear fit of the MHD (Hydro) data. The data sets of the graphs
are fitted to power equations A = a+ αBβ (α, β and a parameters are fitted).
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Model M05d1 M07s M09s M09d1 M09d3 M11d1 M11d3
KE (106) 49.8 (> 99%) 5.1 (> 99%) 4.8 (99%) 6.3 (97%) 10.0 (95%) 2.4 (71%) 7.1 (92%)
DRKE (106) 42.6 (86%) 1.0 (20%) 0.7 (15%) 3.1 (49%) 8.9 (89%) 0.7 (29%) 5.8 (82%)
CKE (106) 5.4 (11%) 4.0 (78%) 3.5 (73%) 3.1 (50%) 1.0 (10%) 1.7 (59%) 1.2 (17%)
MCKE (106) 1.8 (3%) 0.1 (2%) 0.6 (12%) 0.1 (1%) 0.1 (1%) 0.0 (> 1%) 0.1 (1%)
ME (105) 0.14 (< 1%) 0.45 (< 1%) 0.39 (1%) 2.13 (3%) 5.11 (5%) 3.77 (29%) 6.02 (8%)
PME (105) 0.00 (< 1%) 0.01 (2%) 0.09 (23%) 0.02 (1%) 0.09 (2%) 0.28 (7%) 0.12 (2%)
TME (105) 0.11 (79%) 0.35 (78%) 0.22 (56%) 1.92 (90%) 4.06 (79%) 2.23 (60%) 5.03 (84%)
FME (105) 0.03 (21%) 0.09 (20%) 0.08 (21%) 0.19 (9%) 0.96 (19%) 1.26 (33%) 0.83 (14%)
∆Ω (nHz) MHD 134 -51 -48 95 126 -134 202
∆Ω (nHz) HD 132 -32 -31 106 267 -156 364
∆Ω/Ω (%) (MHD) 32 41 23 23 10 32 16
∆Ω/Ω (%) (HD) 32 26 15 26 21 38 29
Table 2: Time averaged of the kinetic energy (KE) divided in axisymmetric differential rotation (DRKE), non axisymmetric
convective (CKE) and axisymmetric meridional circulation (MCKE) components. The magnetic energy (ME) is divided in
toroidal (TME) and poloidal (PME) components. Energy units are ergs cm−3. Time averaged differential rotation and
normalized values by the star’s rotation ∆Ω/Ω for the hydro and MHD simulations.
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(a) M09s (anti-solar) (b) M09d3 (solar)
Figure 4: Time average of the latitudinal line integral of the angular momentum
flux Fr(r) (on the left) and radial line integral of the angular momentum flux
Fθ(θ) (on the right). Model M09s (top graphs) and M09d3 (bottom graphs).
The fluxes are decomposed in different contributions: viscous diffusion (Ld dash-
dot-dot-dot line), turbulent Reynolds stresses (LtRs, dash-dot line), meridional
circulation (Lmc, dashed line), axisymmetric (LaMs, dotted line) and turbulent
(LtMs, long dashed line) Maxwell stresses. The solid line shows the total fluxes.
The flux is averaged over 10 τc.
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Figure 5: Radial (A) and latitudinal (B) net angular momentum fluxes inte-
grated in radius and latitude respectively (normalized to 1018). The subindex
”S” indicates the anti-solar models.
Figure 6: Temporal and longitudinal averaged meridional circulation and con-
tours of the stream function ψ for the models M09s and M09d3 during 10τc.
Units in g/s.
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Figure 7: Model M05d1. Time-latitude diagrams of the Bϕ component of the
magnetic field, the torsional oscillations, temperature oscillations as well as
the turbulent Reynolds stresses and the Maxwell stresses components of the
latitudinal angular momentum flux (dyn·cm) at the tachocline (r/r∗ = 0.54,
left panels) and the top of the convective layer (r = rout, right panels)
.
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(a) Temperature M09s model (b) Temperature M09d3 model
(c) Entropy M09s model (d) Entropy M09d3 model
Figure 8: Temporal and longitudinal averaged of temperature and entropy pro-
files during 10τc, including latitudinal cuts at radius rout (solid line), 3 · rout/4
(dotted line), rout/2 (dashed line), rout/4 (dash-dot line), and rin (dash-dot-
dot-dot line) (black lines are the hydro cases and the red lines the MHD cases).
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Figure 9: Trends of the temperature (A) and entropy contrasts respect to the
star’s rotation at the top of the convective layer. Entropy contrast is weighted by
the star’s luminosity. The data sets of the graphs are fitted to power equations
A = ctte+ αBβ (α, β and ctte parameters are fitted)
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Figure 10: Model M09s (anti-solar). Temporal and latitudinal averaged of
∂vφ/∂z (LHS), Reynold stress terms: vortex tube stretching (stretching) and
tilting (advection), the baroclinic term in the meridional force balance (baro-
clinic), the viscous stresses (viscous) and the magnetic terms (magnetic 1,2 and
3; the scale is 100 times smaller for the magnetic terms). The last plot shows
the addition of all terms (RHS). The terms are average over 10τc. Plot units in
s−1
.
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Figure 11: Model M09d3 (solar). Same than figure 5 (The scale is 50 times
smaller for the magnetic terms).
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